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Abstract 

The Macdonald polynomials with prescribed symmetry are obtained from the nonsym- 
metric Macdonald polynomials via the operations of i-symmetrisation, t-antisymmetrisation 
and normalisation. Motivated by corresponding results in Jack polynomial theory we pro- 
ceed to derive an expansion formula and a related normalisation. Eigenoperator methods are 
used to relate the symmetric and antisymmetric Macdonald polynomials, and we discuss how 
these methods can be extended to special classes of the prescribed symmetry polynomials 
in terms of their symmetric counterpart. We compute the explicit form of the normalisation 
with respect to the constant term inner product. Surpassing our original motivation, this is 
used to provide a derivation of a special case of a conjectured g-constant term identity. 
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1 Introduction 

1.1 Background and overview 

Nonsymmetric Macdonald polynomials were first introduced in 1994 |17tl7]. six years after Mac- 
donald's paper [15] introducing what are now referred to as symmetric Macdonald polynomials 
P K (z; q, t) . The nonsymmetric Macdonald polynomials E„ (z; q, t) can be regarded as building 
blocks of their symmetric counterparts, as i-symmetrisation of gives P v +- Generalising this 
action by applying a combination of t-symmetrising and t-antisymmetrising operators to 
generates the Macdonald polynomials with prescribed symmetry. 

A polynomial is t-symmetric with respect to Zi if Tif(z) = tf(z) and i-antisymmetric with 
respect to if Tif(z) = —f(z). The i-symmetrisation and t-antisymmetrisation operators are 
defined, respectively, by 

U + := T <r, and U~ := £ T a . (1) 

o"GS n creS„ 

Here S n denotes the symmetric group on n symbols. Also, with Sj denoting the transposition 
operator with the action on functions 

Sif (z 1 , ...,z n ) = f (zi,...,z i+ i,Zi,...,z n ) , (i = l,...,n- 1) 
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and a := Sj„ , ...s^, the operator is specified by 

T a '■= Tj ;{(j) ...Tjj , (2) 

where 

Tj := H (sj - 1), (i = 1, ...,n - 1). 

Note that when t = 1 the operators C/ + and J7~ reduce to the standard symmetrising and 
antisymmetrising operators. 

The study of Macdonald polynomials with prescribed symmetry began in 1999 [TJ [TH] and was 
initially motivated by the analogous results in Jack polynomial theory [21 [3] - Nonsymmetric Jack 
polynomials E v (z;a) are the limit q = t a , t — > 1 of Macdonald polynomials. Jack polynomials 
are eigenfunctions of the operator stemming from the type A Calogero-Sutherland quantum 
many body system. Cases where the system is multicomponent, containing both bosons and 
fermions, requires eigenfunctions that are symmetric or antisymmetric, respectively, with re- 
spect to certain sets of variables. This requirement lead naturally to the introduction of Jack 
polynomials with prescribed symmetry [3l 113]. 

Using the more extensively developed Jack theory as motivation we continue the study of pre- 
scribed symmetry Macdonald polynomials. Our first result is an expansion formula for the 
prescribed symmetry Macdonald polynomials in terms of the nonsymmetric Macdonald poly- 
nomials (Proposition [2]). Following this we determine the normalisation required to obtain 
the prescribed symmetry Macdonald polynomial from the symmetrisation of the nonsymmetric 
polynomial (Proposition [3]) . In Section [3] eigenoperator methods are used to relate the symmet- 
ric and antisymmetric Macdonald polynomials, thus providing an alternate proof for a result 
of Marshall [19]. Our final investigation is of the inner product of prescribed symmetry Mac- 
donald polynomials, giving general explicit formulas (Theorem [7J) and then considering special 
cases where the antisymmetric components are of specific forms. Although originally motivated 
by the analogous Jack theory [JJ these results have applications in (/-constant terms identities, 
which are discussed in the second half of Section HI 

Before explicitly defining the Macdonald polynomials with prescribed symmetry, we give the 
required background on the nonsymmetric Macdonald polynomials. 

1.2 Nonsymmetric Macdonald polynomials 

The nonsymmetric Macdonald polynomials := E n (z; q, t) are polynomials of n variables 
z = (zi, z n ) having coefficients in the field Q (q, t) of rational functions of the indeterminants 
q and t. The compositions rj := (rji, ...,r] n ) of non-negative integers components rji label these 
polynomials. The nonsymmetric Macdonald polynomials can be defined, up to normalisation, 
as the unique simultaneous polynomials eigenfunctions of the commuting operators 

Yi = t- n+1 T i ...T n ^T^ 1 ...Tr\, (i = 1, ...,n) (3) 

satisfying the eigenvalue equations 

YiE v (z; q, t) = rjiE v (z; q, t) . (4) 

In ([3|) u is given by oj := s„,_i...siri, where the operator r, has the action on functions 

(Tif) (z 1 ,...,z n ) := f (z 1 ,...,qz i ,...,z n ) 
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and so corresponds to a g-shift of the variable Z{. The eigenvalue r] i in is given by 

m:=q*t-W, (5) 

where 

^(0 : = # {i < »; %• > »»} + # 0' > *; > »»} • ( 6 ) 

The nonsymmetric Macdonald polynomials are of the triangular form 

E v (z;q,t):=z^ + Y,b V uZ u , (7) 

for coefficients b vu € Q(q,t). The coefficient of z v := z^ 1 ...zJJ™ is chosen to be unity as a 
normalisation. The ordering -< is a partial ordering on compositions having the same modulus, 
where \rj\ := T,f =1 rji denotes the modulus of rj. The partial ordering is defined by 

fx ~< rj iff /x + < r] + or in the case [i + = rj + , fj, < rj 

where rj + is the unique partition obtained by permuting the components of rj, and < rj iff 
/i 7^ r/ and £f =1 (?7i — /^i) > for all 1 < p < n. The action of Tj on I*^, for 1 < i < n — 1, is 
given explicitly by [I] 



1-5: 



Ti^(z) = <( ?7i =?7i+i (8) 



where <5 i)?7 = rji/rj i+1 . 

Alternatively, nonsymmetric Macdonald polynomials can be characterised as multivariate poly- 
nomials of the structure ([7]) orthogonal with respect to the inner product {f,g) qt , defined by 

(/, g) qit := CT (/(*; q, t)g( Z -\ q-\r l )W (*)) . (9) 
In Q CT(/) denotes the constant term with respect to z of any formal Laurent series / and 



W(z):=W(z;q,t):= ]~[ 



i<i<j<n ;q)^ [qt^;q 
with the Pochhammer symbol defined by (a; q)^ := YYjLo (l — ox/ 3 ) ■ 

This scalar product, introduced by Cherednik, is linear and positive definite. Macdonald showed 
that [T7] 

(En (q, t) , E v (q, t)) q>t = 6 V , V M v . 

We will have future use for the explicit value of A/^. For this a number of quantities dependent 
on rj must be introduced. For each node s = € diag(Ty) we define the arm length, a v (s) := 
T]i - j, arm colength, a' v (s) := j - 1, leg length, l v (s) := #{k < i : j < r] k + 1 < ^} + #{k < i : 
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■= d v (q,t) 


= n 


i 1 






sGdiag(rj) 






■=d' v (q,t) 


- n 








sgdiag(rj) 






:= e v (q,t) 


= n i 












e' 


■= e' v (q,t) 


= n i 





j < Vk < "Hi} an d leg colength l'(s), given by From these we define 

2 a v( s )+ 1 t l n( s ) 

a' (s)+l f n-V Js) 



sGdiag(?7) 

In this notation the explicit formula for M n is given by [see, e.g., [7] 

^» = T7<M> 9 ,,. (io) 

In later sections we use the specialisation t = q k , k 6 Z + . In this specialisation the weight 
function W(z) reduces to 

W(z;q,q k )= ]J (*;q) (q^q) , 

l<i<j<n ' k\ Zi /k 

where 

(a;q) k :=IL^(l-aq^, k>0 (11) 
which is a Laurent polynomial. Furthermore [2] 

where the q- factorial is given in terms of (/-numbers [13] [?n] 9 := (1 — </ m )/(l — 5) by 

:= [lU2] g ...[*],. 

Concluding the preliminary material, we now proceed to formally introduce the Macdonald 
polynomials with prescribed symmetry. 



2 Macdonald Polynomials with Prescribed Symmetry and the 
Required Operator 

2.1 The operator O/ j 

We begin our investigation into the Macdonald polynomials with prescribed symmetry by in- 
troducing a particular symmetrising operator Oj t j. The sets I and J represent the variables 
which the operator 0/,j symmetrises and antisymmetrises with respect to. Explicitly 

Tip^jf (z)} = tOj,jf (z) for i E I (13) 

and 

Tj[0 ItJ f (z)] = -0 IyJ f (z) for j G J. (14) 
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For Oj,j to be well defined I and J must be disjoint subsets of {1, ...,n — 1}, such that 

% — 1, i + lgjioviel and j — + for j G J. 

In many cases we require the set J to be decomposed into disjoint sets of consecutive integers, 
to be denoted J\, J%, . . . , J s . For example, with J = {1, 2, 5, 6, 7}, J\ = {1, 2} and J2 = {5, 6, 7}. 
Related to this we also require sets Jj := Jj U {max ( Jj) + 1} and J = U J s . 

Since we are symmetrising with respect to a subset of variables, in contrast to the construction 
of U + and U~ given in ([T]), we do not want to sum over all a G S n . Instead we introduce 
W/uj := (sfc; k G / U J) , a subset of S n such that each oj G W/uj, 

uj = ujjujj, with u) j G VFj and a;/ G Wj, (15) 

has the property that oj (i) = i if i $ I U J. 

The operator 0/,j is then specified by 

°v-= E (4) r « 

where T w is given by ([2]). 

2.2 The polynomial Sfc J \z) 

To motivate the introduction of the prescribed symmetry Macdonald polynomials we first con- 
sider the symmetric and antisymmetric Macdonald polynomials. These are denoted by P K and 
S\ + $, respectively, where k and A are partitions and S := (n — 1, . . . , 1, 0). It is well known that 
these polynomials can be generated from nonsymmetric Macdonald polynomials via a process 
of symmetrisation and antisymmetrisation. Thus to generate P K one would symmetrise any E v 
for which there exists a permutation a G S n such that ar\ = k. Similarly, to generate S\ + s one 
would antisymmetrise any such that there exists a permutation p G S n where pp = A + 5. 
Explicitly 

U + E v = b v P K and V-Ep = b'^S x+5 , 

for some non-zero b v ,b'^ G Q(q,t). It follows quite naturally that the Macdonald polynomial 

with prescribed symmetry, denoted by S^l' J ^ (z;q,t), a polynomial t-symmetric with respect to 
the set / and t-antisymmetric with respect to the set J, will be labeled by a composition 77* 
such that 

ffi > Vi+l f° r alH G / and rj* > rj* +1 for all j G J. 

Such a polynomial can be generated by applying our prescribed symmetry operator Oi t j to any 
E v such that there exists a o G Wmj with arj = rj* . That is 

I ,jE r} (z;q,t)=a( v I ^S ( n y ) (z), (16) 

for some non-zero cl^ . This uniquely specifies S^{' J ^ (z) up to normalisation; for the latter we 
require that the coefficient of z 11 in the monomial expansion equals unity as in 0. 

Our first task is to find the explicit formula for the proportionality aif' J ^ in (|16p . We do this 
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by first computing the expansion formula of S v * (z^ 1 ; q~ x , i -1 ) in terms of E n (z ), a 

result which is of independent interest. We begin by deriving an explicit formula for the action 
of Ti on E rj (z~ 1 ; q , t^ 1 ) analogous to This is done using the Cauchy formula for the 
nonsymmetric Macdonald polynomials, [20] 



Sl(x,y]q,t) :='^2-jj-E TI (x;q,t)E TI (y,q 1 ,t 1 ), 

T) v 

the result [20] 

lf x) n(x, y- 1 - q, t) = 4 y) n(x, y' 1 ; q, t). (17) 
and itself. In (fT7|) the superscripts denote which variables the respective operators act upon. 

Proposition 1 For 1 < i < n — 1 we have 

TiEn^-^q- 1 ^- 1 ) 

tEjz-^q' 1 ^- 1 ) ^=^+1,(18) 

I ^E ri {z- l - q -\t^) + t d f^E Sir ,{z- l ]q -\t- 1 ) r,i>m+i 

Proof By (fT7|) we have 

> (^(x; g, tJ^Cy" 1 ; g^,*" 1 ) + ^E^x; q, t)E m {y-\ q~\ t' 1 )) 

= (^E v (x; q, t)E v (y-\ q~\ t' 1 ) + ^-E SiV {x; q, ^(y- 1 ; g^ 1 )) . 
Using (|8|) and equating coefficients of like terms gives (|18p . □ 



The coefficients in the expansion of S^iz-^q- 1 , r 1 ) in terms of {E^z' 1 ; g" 1 , t' 1 )} can be 
computed explicitly in terms of the quantities and dL . The derivation makes use of the the 
fact that for rji < rji+i we have |21] 

*m = IZ^L an d ^f- = t ~ 1 ~ Si ' v . (19) 

dr/ t ®i,ri d^ 1 ^i,rj 

Proposition 2 Let uj G Wiuj be decomposed as in / T75)) . Let uj-rf = fi and uirj* = hj. The 
coefficients in 

S ( n i' J \z- 1 ;q- 1 ,t- 1 )= brfMz-^q- 1 ^- 1 ), = 1, (20) 

are specified by 

V, = (-l) ,(w,) ^^. (21) 

Similarly, the coefficients in 

s { r J) (z)= E WmW. W = i. (22) 

MeW/uj(»?*) 

are specified by 



» ' (23) 



t J d'^d^ 



6 



Proof We write 

-l .-l 



^2 K^E^z 1 ;q 1 ,t' 

where Xi,i+l = 1/2 if = Sifi and 1 otherwise. For i 6 I we require 

T i S% J \z- 1 -,q-\t- X )=tS% J Xz- 1 ]q -\r X ). (24) 

If fa = /Xj+i (j24"|) holds due to the relation in (fl8|) . Hence we consider the case where m < m+i. 

Expanding the left hand side of (|24p using (|18p gives simultaneous equations and solving these 
show ^ 

jv^ _ i - ts^ for all . £ L (25) 



Since /Uj < (fl9j) can be used to rewrite (f25j) as 

Jvm. = (26) 

By noting r)* = oj7 1 ^i = Sj, . . _, /i/ where each Sj interchanges increasing components we 
can apply (f26j) repeatedly to obtain 

^=w=* (w, 4 1 ' (27) 

where the first equality follows from the normalisation b v * v * = 1. 

To complete the derivation we require a formula for the ratio b^*njb^*u Jl . Since for all j € J we 

applying the above methods gives 6^*^/6^*8 = —d^/dg^, and consequently 

= (28) 

Combining (|28J) with fl27D we obtain (gJJ) • 

The derivation of (f2"5j) is as above, only replacing (fTHj) with (jSJ). □ 

We now use Proposition [2] to determine . To present the result requires some notation. 
Write rj( ei,ej \ where e/,ej S {+,0, — } , to denote the element of Wiuj (v) with the properties 
that r/ + '') (?/"' + )) has ^ > 77}+]^ for alH € / > ^j+i^ ^ or a ^ 3 ^ "^)> ^ (V '~^) J 13,8 

' < ^l+i^ f° r all i G J (r/j ' < Vj+'i f° r an J ^ an d r/ ''** has 77}°' ^ = rj^i for all i E I. 
For example for /x = oojujij* we have w/r/* = // 0,+ ) and ojjrf = ^ + '°\ Also introduce 



M i,v : = Yl 1 



l(a') 



cr'eWj 
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Proposition 3 The proportionality constant aif' J ^ in is specified by 

a d,J) - ( _DiM Mr d jjt^t^l 

V ~ ^ ' VlI M A> A A' 

%(0,+)V0. + ) %(-,-) 

where uij is such that u!jij^ + ' + ^ = ri^ + '°\ 
Proof Let G (x, y) be defined by 

G{x,y)= E ^{x-q^E^y^-qr 1 ^- 1 ). (29) 

It follows from © and $M that T^G (x, y) = T*> y) G (x, y) for i € / U J, and hence 

{ I x }G(x,y) = ( f}G(x,y). (30) 

By (USD and (HD we have of)E n (y" 1 ; g" 1 , t" 1 ) = btf' J) Sfi J) (y -1 ;? -1 ,* -1 ) for some 4 7,J) € 
Q (g, t) . Hence substituting (f2"9|) into (f30"j) and recalling ([To]) shows 

^ J) W E (y- 1 ) = ^ (y- 1 ) E ^^(-)- 

??eWiuj(7?*) ^ r;eW/uj(??*) ^ 

Using seperation of variables it follows that 

S^(y-i)=a v * Yl f^Zviv- 1 ) (31) 
for some constant a^* . Equating coefficients for r/ = ujjujjr]* in (|3ip and (|20[) shows 

s4 a ?' J) = ^ , (32) 

% « r? (0,+)«r ) (0>+) 

The identity (|32p must hold for all r\ G H / /uJ(r;*); an d in particular for n = r/~'~). For such a 
composition we can use (JHJ) to show 

Oj.jify-,-) (x) = (-l)'(^') M 7 ,,5j!' J) (x) , 

where wy, 1 // - ' - ) = n^' + \ Consequently 

= M /j?? . (33) 

Substituting ([33]) into ([32]) with n = implies 



(34) 



Substituting (fM)) in (f32|) gives the desired result. □ 
Corollary 1 We have the evaluation formula 

a^r' M i,v* V(-.°) 

where m := T, a&Wl t 1 ^ = n s [|7 s |] t !. 
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Proof Using Tj/ (t-) = tf (i-) the first equality of (|35|) can be derived immediately from (|16p . 
With J = and rj = rj* Proposition [31 gives 

Substituting this and the well known result (see e.g. j!6j ) 

gives the final equality. □ 



We now move on to our first related result, deducing the form of Macdonald polynomials with 
prescribed symmetry in specific cases. 



3 Special Forms of the Prescribed Symmetry Polynomials 

3.1 The main result 

We begin by introducing some notation to simplify the labeling of the S^l'^ of interest. With 
N p := {ni,n 2 , . . . ,n p }, let 

{K no ,$N p ) ■= (Ki,...,K no ,ni-l,ni-2,...,l,0,...,n p -l,...,l,0) 
I no := {l,...,n -l} 

and 

jn ,N p ;= ^ | S i =l7l ._ 1 + h S^n^x - l} (36) 

For example with k 3 = (3, 3, 2) and N p = {4, 2}, (k 3 , S { ^ 2 }) = (3, 3, 2, 3, 2, 1, 0, 1, 0)) , I 3 = {1, 2} 
and J 3 '* 4 - 2 } = {4,5,6,8}. 

Related to the set J n °> N v = J are the generalised Vandermonde products A n °' Np (z) and 
At°' Np (z), defined by 

A»°.^(*):=n n (*-**) 

P =1 min(j /3 )<i 
<j<max(j^) 

and 

k°' Np w := n n (* - • 

/ 3=1 min(jp)<i 
<j<max(j /3 ) 

In the theory of Jack polynomials with prescribed symmetry, these being denoted by S^l'^ (z; a), 
using the properties of the eigenoperators it was found that [3] with r/* = (K no ,5N p ), (I, J) = 
{In -, Jn ,N p ) and K a partition such that k% < min(ni, . . . , n p ) 

Sfi j \z; a) = A*""* (z) 4 P+ot \ Zl , z no ), (37) 

where J K {z; a) is a symmetric Jack polynomial. It was shown in [I], using different eigenoperator 
properties to the Jack case, that the Macdonald analogue of (|37p . with the ordering of the t- 
symmetric and the i-antisymmetric variables and partitions switched, holds when p = 1. Our 
interest is in the Macdonald analogue of (f37|l for p > 1. The stated related results, along with 
computational evidence, leads us to conjecture the following. 
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Conjecture 1 Let rf = (K no ,5N p ), (I, J) = (I no , J Uo ' n p) and k a partition such that k± < 
min(ni, . . . , n p ), then for p > 1 

S^ J \z; q, t) = At° ,Np (z) P K (z 1: ..., z no ;qt^ t). (38) 

We first prove a special case of the conjecture then consider the general case. 
Theorem 4 With rj* = (0 n °,5 Np ) and (I, J) = (1*°, J"^*) we have 

Proof The result follows from S^i having leading term 0,<5jv p) and the requirement that 
S^W^ be i-antisymmetric with respect to J n °' N p. □ 

Due to the structure of the eigenoperator for the Macdonald polynomials the methods used 
in the Jack theory cannot be generalised to prove Conjecture [H similarly the proof in [I] only 
works for the one-block case with the antisymmetric variables before the symmetric. However, 
within [5] a brief note is made on how one may show the following result 

S p+s (z-a) = A(z)jt /(1+a)) (z-,u), (39) 
where S p+ s is the antisymmetric Jack polynomial, using the fact that 

We refer the reader to [3] for the definition of the Jack polynomial eigenoperator H^^^ and 
further details of the suggested method. Low order cases have indicated that this method can 
be generalised to prove (|37|) . Therefore, although the Macdonald analogue of (|39|) . was found 
by Marshall in [19] using the orthogonality properties of the Macdonald polynomials we give the 
alternative derivation as suggested by [3j and give suggestions as to how it could be generalised 
to prove (|38p . Before stating the theorem we introduce the eigenoperator for the symmetric 
Macdonald polynomials [4J 



n 



i=i 

explicitly, 

Dl(q,t)P K (z)=c v *P K (z), c r eQ(q,t). 



Theorem 5 We have 

S K+5 (z; q, t) = A t (z) P K (z; q, qt) . (40) 

Proof Since the unique symmetric eigenfunction of D\ (q, qt) with leading term m K (the mono- 
mial symmetric polynomial indexed by n) is P K (z;q,qt), (|40p will hold if for any symmetric 
function f(z) 

D 1 n (q,t)A t (z)f(z)=A t (z)D 1 n (q,qt)f(z). (41) 

Hence, our task will be to prove (|4ip . We begin by deriving a more explicit form for the left 
hand side of (|4ip . Since (z) / (z) is t-antisymmetric the left hand side can be rewritten as 

(r^.Tn-tu - m.-.Tn^u + ... + {-if- 1 A t (z) f (z) 
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which, by the definition of u is equal to 

(Ti—Tn-i - tT 2 ...T n _i + ... + (-t) n_1 ^ A t (qz n 
For simplicity we let Q m = T m ...T n _i, = A t (qzk , Z\ , . . . , z n 

) / (<?Zfc) zi, z n ) and 

(1 - t) Z i+1 tZi - z i+1 

Ti = 1 Si. 

We begin by deducing the coefficient, c[/c, m] say, of each after being operated on by O m . 
For this to be non-zero we require m < k. For qzf. to appear in the first position of / we must 
take the term that has had Sj act on it for each i = n — 1, ...,k + 1 and therefore 



c[Mi= n 



It can be shown by (backward) induction on m that for m < k 

c[k,m] = (-l) k - m ^~^ Zk Y[ f[ ^£Lii. 

%k ■ , %i %k ■ , , , Zk %i 
i=m+l i=k+l 

We note that an important part of the inductive proof is to keep A and / of the form 
At (qz k , zi,..., z n ) f (qzk, Zi, z n ) . This is done by observing that Sif (z) = f (z) and 

Si A t (z) = f m ~^ A f (z) . 

To derive the coefficient of A t (qzf~, Zi, z n ) f (qzk, Zi,...,z n ) in the overall operator we must 
evaluate Y^m=i (—t) m ~ 1 c[k,m\. This is done by proving 

fc fc— 1 ti , 

Y^(-t) m - 1 c[k,m] = (-ty- 1 ll^^ 11 

■ z i z k ■ , , , z k z i 
m=j i=j i=k+l 

inductively with a base case of j = k — 1. It follows that the coefficient of / (qzk, z±, z n ) in 
D 1 n (q,t)A t (z)f(z) is 

fc — 1 TI , 

n ^^,(^,1,.,%). (42) 

l=J i=fc+l 



By noting 



fc-l i n i 

i \ 1 — T Q.Zk — £ Z-l i — r qZ]z — X Zi . . 

A t (gz fc ,zi,...,z n ) = _[_[ — — — ^ — [j — — Tl — A t (z) 

. Zi t Zk . Z]~ T Zi 

l=J l = k+l 



we simpify (H2J) to 



n 



a* w n 

i=l 
i^k 

and hence 



Zk Zi 

i=l 



n n 

Di (q, t) At (z) f (z) = At (z) £ J] *1, 

i^k 
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We now simplify the right hand side of (|41|) . We have 

n 

Dl{q,qt)f{z) = { q tT- l Y,Y^ f (z) 

i=l 

= {^({gtf^l^..^ (43) 

where Y^ q \ T- q \ T { ^ are the operators 1$, Tj, T" 1 with i replaced by gi. Since / (z) is 
symmetric we have T i 1 / (2) = (gi) -1 / (2) . Using this and the action of oj f)43p simplifies to 

(TfL.T^ + + 1)/ (qz n , Z U Zn-i) • 

We let 9m = Tm\..T^ 9 } 1 and denote the coefficient of each / (qzk, Zi, z n ) by c q [k, m] for each 
m < k. Similarly to before 

qtz k - Zi 



C q [k,k] = J I 

and, by induction, 



fc+i Zk Zi 



m] =(-!)*-" {qt ~y zk n gtzfc _~ g n qtZk ~ z 

Z-m Zk , Zi Zk . Zk Zi 

t=m+l t=k+l 

For use in (|4"3"]l we require ^m=l^g[^> m ] - This is found by induction on 

k 71 , 

m=j i=j 1 

Therefore 

n n 

qtzk ~ Zi 



At (z) D l n (q, qt) f (z) = A t (z) £ \{ q k _ l - f (qz k , z u z n ) , 

k=l 1=1 

which shows (|4ip . and consequently (j40j) . to be true. □ 



Trial cases suggest that for a symmetric function / (z±, .., z no ) with leading term m K and k\ < 
min (ni, n p ) one has 

D l n (q, t) A?°' N » (z) f ( Zl , .., z no ) = A^' Np (z) Dl (qtP, t) f (z u .., z no ) . (44) 

We believe it to be possible to prove Conjecture [1] by first proving (|44p . At this stage however 
it is not clear how one would keep track of the blocks of variables within the antisymmetrising 
set, making a strategy used to prove Theorem [5] problematic. 

3.2 A consequence of the conjecture 

A major result in the theory of Jack polynomials with prescribed symmetry is the evaluation 
U^ J) (l n ;a) [S], where U^ J) {z) is defined by 



U {I ' J) (z-a) - "* {Z ' ,a) 
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It does not appear possible to generalise the Jack method to find the analogous Macdonald 
evaluation, U^l' J \t-;q,t), where 

* { ,q, ) ' A^(z) " 

by (|38p use of the evaluation formula for the symmetric Macdonald polynomials [16J 

g 1 _ q <^(a) t n-l' v (3) 

P K (t-;q,t)= [[ - - (s) ^, (s)+1 

sgdiag(K) " 

gives the following as a corollary to Conjecture [T] 

s6diag(?7*) 



^ 1 ; i - ( g tP) a *('W»)+ i 



4 The Inner Product of Prescribed Symmetry Polynomials and 
Constant Term Identities 

4.1 The inner product of prescribed symmetry polynomials 

We begin this section by finding the explicit formulas for the inner product of the prescribed 
symmetry polynomials 

(S^00,$ ,j) (*)) a>t , (45) 

in terms of nonsymmetric Macdonald polynomials. We then proceed to show how these formulas 
can be used to prove specialisations of certain constant term conjectures. We first consider the 
inner product of Oj t jE v . 

Lemma 6 With K It j(t) := n| =1 [|^|] t !n[ =1 [|Ji|] t -i! we have 

{Oj,jE n (z) , O hJ E n {z)) qt = K ItJ (t) (Oi,jE, (z) , E v (z)) qt , 
where Ii and Jj denote the decomposition of I and J as a union of sets of consecutive integers. 
Proof We begin by rewriting the left hand side of © as 



It jE v (z), Y (-7) T w [E v (z) 

1 ,.,cW_. . \ / 



= Y, (°i,J E v (*) . (-~) ( ' T ^ \ E v (*)] ) • (46) 

ueWiuj \ V ^ / q,t 

Since TV~ is the adjoint operator of Tj, that is {f,Tig) qt = (Tp 1 f,g) qt , it follows that (pTOj) is 
equal to 

Y [T- 1 I ,jE ri (z)J--S M E v {z)\ . (47) 

weW/uj \ V ' I q,t 
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E V-lL^OuE^A--) E v (z) 



Using (Q3D and flUD we rewrite flUD as 
By definition of the inner product ( - j £ ) t = tyi')qt ano - therefore we have 

i^eW/yj \ / q,t uEWjuj 

The final result is obtained using the identity [22J X^o-es n 9 = Ng'- ^ 
We now present the main theorem of this subsection. 
Theorem 7 We have 

(S^ J) (z) , (z))^ = K JtJ (t) - 1} (E v (z) , E v (z)) q>t . (48) 

Proof Using (fl~6|) we are able to rewrite (|4"5j) as 

/ 1 1 \ 

-0 ItJ E, n 0; g, f) , „ n -Oi,jE n (z; q, t) ) 



by the definition of the inner product and Lemma [6] we write this as 

Ki,j(t) 



a^ J >(q,t)a^ J >(q-\t-^ 
Again using (fl~6j) we write (JM 

Ki,j (t) 



(0 I ,jE v (z;q,t),E v {z;q,t)) gt . (49) 



^— (si ] y ) (z),E r ,(z;q,t)) 

1 f— 1< \ / q.t 



By (j22[) and the orthogonality of the Macdonald polynomials we get the desired result. □ 



4.2 Special cases of the prescribed symmetry inner product 

Following the theory of Jack polynomials [X] we were lead to finding explicit formulas for (|45p 
in the special case where rf is of the form 

Vtn ; ni ) ■= (0n , <W) = (0, . . . , 0, m - 1, . . . , 1, 0), (50) 

7 = and J = J no ,m- Upon further inspection of this formula it was observed that the 
result could be used to provide an alternative derivation of a specialisation of a constant term 
conjecture from [2j. 

Whilst working with the constant term identities it became apparent that a further conjecture 
in [2] was related to the more general inner product formula where rf was given by 

V*n ;N p ) : = (Ono^TVp) = (0, • • • , 0, m - 1, . . . , 1, 0, n 2 - 1, . . . , 1 , 0, . . . , n p - 1, . . . , 1 , 0) , (51) 
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7 = and J = J no ,N p - 

Using the theory developed in the previous section we give an explicit formula for 

(z),S$0 (*) 

deriving the more specific formula for rf = V* no - ni ) as a corollary. 

Theorem 8 With 7]* = r/* no . N } as defined by [51\) . 7 = and J = J no ,ni we have 

/ s (i,J) s (i,j)\ = yr r ] , fcsg^afcNzll [fen + max(jV P )] g ! (l - g)™»W 
\ "* ' "* / ff ,9* fJ L iJg [A;] 9 !"n^ (iV!3) (1 - qiqKn-m(j))) 

where m(j) := X^fc=j j ( n fc ~~ j)-> h := #{ n fc e -, n k < j} + lj w/iere iV+ := <r (N p ) such that 
> . . . >rip . 

Proof By (|48p our task is to simplify 

^ (gfc) a,( g -t^) ^W^WW' 
For simplicity we take r/ = r]* , and hence c„*„* = 1. The p disjoint sets in J indicate 

%(/) = HH t! 



i=i 



and with 1 = 0, a^* (g x ,g fe ) simplifies to 



Lastly, by ([TO]) and (|T2|) . we have 

' E^{q,q k ) y E v *{q,q 



Putting this all together allows us to rewrite ([52]) as 



yy , , <,»(-■-) (g ^ *) M*) e T (g'g") [nfc] g ! 

11^" <.( g -i,g-*)d,.( 9 , 9 *)e;.( g , g *) [A;],!"" ( j 



We begin by simplifying 

d^Gr 1 ,*-*)^*^*) ( j 

In comparison with rj*, r]*(~'' has one additional empty box above each row. Hence the leg 
length of each s £diag(77*(~'~)) is one greater than it's corresponding box in diag(?]*) . It follows 
from this and the definition of d v and d' n that d^-,-) = d v *. Hence we can rewrite ([54"]) as 

d v * (q-\q- k ) d' v , (q,q k ) ^-.K-H 

d> v *(q-\q- k )d v *(q,q>°) Q * ' ^ 



15 



where the equality follows upon use of the definition of d*, given above (|l(jp . and the simple 
identity 



1 — x 

-x. 



1 - X" 1 

We now consider the simplification of the ratio e/e' . Explicitly we have 



(56) 



In [21] Sahi showed e v = e s%r] and e' v = e', hence, the products in ([56]) are independent of 
the row order. For simplicity we take rj* = n* + . In such a composition n — /'»+((«, j)) = 
n — 1 — I' + l,i)) and consequently most terms in (|56p cancel. The terms unique to the 
numerator correspond to the boxes in the top row of n* + , and therefore the terms remaining in 
the denominator will correspond to the bottom box of each column. The leg colengths of the 
latter set are given by m{j) — 1, (for j = 1 . . . max(iVp) — 1) . Hence the ratio of the e's in our 
expansion is given by 

e v * (q, q k ) (l - q^ 1 ) (l - q >™+2} ... _ q kn+m^(N p )-l^ 

e' v * (q,q k ) ~ u ^(N p )-i ^ _ qj qk { n -m(j))} 

(1 - q) max( - N ^ [kn + max(iV p )] 5 ! 



n max(JV p )-l ^ _ qjqk{n - m U))} (l _ ? max(JV p )gfcn) [fc^j 

(1 - g ) max (^) [kn + max{N p )] q \ 

n max(JV p ) ^ _ qjqk (n-mU)^ [fc^f 

The last simplification was made by noting m(max(iVp)) = 0. Substituting each simplification 
into (153]) gives the required result. □ 

We now give the analogous result for n* = nf ■,. 

° to ' '(no;ni) 

Corollary 2 With r)( no - ni ) given by [5U\) we have 

^.w.^.w) = — ^'frr 1 ';! 1 :"'"..-..., - <") 

'(™o;™i) '(«o;»i) / 9>g fc ([fc] g !) n (gii(fc+l)+nofc. ^-(fc+l)) g 2 

Proof The result follows immediately from Theorem [8] by substituting p = 1 into the right 
hand side of ([52]) and simplifying using (fTTj) . □ 



4.3 The constant term identities 

We now present the two conjectures put forward by Baker and Forrester [2]. We conclude the 
paper by showing how our results can be used to prove the special case of these conjectures 
when a = b = 0. 
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Conjecture 2 Conj 2.1] We have 

Di(no;n i; a,6;g) = Cl{ ]J - q^z^zj 1 - q k zj x ) ]J q) (q^;q) 

\ no +l<i<j<n i<j ^ / k \ Z i / i 



X 



r>4H) 



r gfc+ i (ni + 1) n ° 1 T q ( a + b + 1 + fcQ r g (1 + fe(Z + 1)) 
(T q (l + k)) n 1 = 1 r 9 (o+l + W)r ff (6 + l + A:0 

1 r g ((A; + l)j + a + 6 + A;no + l)r (? ((A; + l)(i + l) + A;no) 



n 



( . r g ((A: + l)i + a + A:no + l)rg((A; + l)i + 6 + A;no + l) ' 



The no = case of Conjecture [2] reduces to the (/-Morris constant term identity, well known 
in the theory of Selberg integrals (see, e.g., [9]). Within [2] Baker and Forrester were able to 
prove Conjecture [2] for the cases a = k and n\ = 2. In a related work [5] they also proved the 
case where a = b = 0. In both cases a combinatorial identity of Bressaud and Goulden [6] 
is used. Following this Hamada [11] confirmed the general cases m = 2 and n\ = 3 using a 
g-integration formula of Macdonald polynomials and Gessel [10] showed the conjecture to be 
true for n\ = 2, n — 1, 3 and also for the cases where n < 5. 



Conjecture 3 Conj 2.2] Define D p (m, ...,n p ;no;a,b,k;q) by 



( P 

D p (m, ...,n p -,n ;a,b,k;q) := CT( ] j (zi 



min( J a )<i< 
j<max 



ii few) n <*»>.(£«) 



X 

l<i<j<N V ^ 7 fc v ^ 7 fc i=l 
where J a is given by 136\). Then for n p > nj (j = 1, ...,p — 1) we /iaue 

Dp (ni, ...,n p _i,n p + 1; n ; 0, 0, k; q) _ [n p + l] q k+i 
D p (m, n p _i, n p ; n ; 0, 0, /c; <?) [fe] g ! 

r,((A; + 1) (np + 1) + fcE^jry) 

± 

T q ((k + 1) n p + fc£?I nj) 
[n p + [fe (n + 1) + n p ] g ! 

[kn + n p ] q \ 



(58) 



Using the following Lemma reclaim the result for the a = b = case of Conjecture [2] proved by 
Baker and Forrester in [5]. Although the result is already know to be true, the following high- 
lights the strong connection between the conjectured constant terms and Macdonald polynomial 
theory. On this point the special case of Conjecture [2] corresponding to the (/-Morris identity 
is well known to relate to Macdonald polynomial theory and furthermore has generalisations 
involving the Macdonald polynomial in an identity due to Kaneko [12j . 
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Lemma 9 Let J = {r, ...,r + s} C {l,...,n} and h(z) be antisymmetric with respect to Zj, 
j £ J then 

ct ( n =^t ct ( n {*i-zj)Hz)\ 

r<i<j<r+s r<i<j<r+s 

Proof Let Sj = (sj;j = r, ...,r + s — 1} . For any permutation a G Sj, the operation z — > az 
leaves the constant term unchanged. Hence 

CT ( II (zi- azj)h(z) ) = CT( Y[ [ z a(i)- az a{j) )h{az)\. 

r<i<j<r+s r<i<j<r+s 

Since h (x) is antisymmetric h (ex) = (— l) 1 ^ h (x) , summing over all permutations gives 
ClY [J (*-*Zj)Hz)\ =^CT[(^ (-l)'W J] (z a(t) -az aU) ))h(z)\ 

r<i<j<r+s ' ' ^ creSj r<i<j<r+s ' 

Smce E c- 1 )^ II (mo - = E c- 1 )^ w E ( 59 ) 

ctGSj r<i<j<r+s weSj ct6Sj 

Letting cj = cr _1 we see that the constant term of (|59p is X^o-eSj a ■ The result follows from 
the identity [22] £ CTgSj a ' W = D 



Theorem 10 We have 

nf nn , , r gfc+1 (ni + 1) "fr 1 r g ((fc + 1) (j + 1) + fcn ) 

(r g (l + fc)) r 9 ((A; + l)j + A;no + l) 

Proof With r]* no n s defined by ([50]) . Theorem H] gives 



and hence 



(^.^W = Ct( n (z i -q- k z j )& 1 -fzj 1 ) [J fe?) )• ( 61 ) 

^n +l<i<j<n l<i<j<n ^ J /fc \ * /fc/ 

To be able to apply Lemma [9] we view (|6ip as 

CT( H { Zi -q- k Zj )h(z)\ 

^no+l<i<j<n ' 

where h (z) is antisymmetric with respect to z no+ i, ...,z n . Using Lemma twice we see that 



[nil 



k+l 



D x (m;n ;0,0,k;q) = 1 ^ g — (S v * , S v * ) t . 



[«iL-* 
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Using (|57|) and 

[ni]_fc! 

2 = g 2 

[ni] q - k \ 

we obtain 

[ni] fc+i \[m + nfc]q! (1 — q) ni 
Di (ni) re ; 0, 0, fc; g) = — - - — 7 — t- — r , ttt — . (62) 

V y ([&] g !) n ^gni(fc+l)+nofc;g-(fc+l)j^ V 7 

To show ([62]) is equivalent to (}60j) we firstly use the identity [2] T q (l + n) = [n] q \ to show 

[niLfc+i! r fe+ i(ni + l) 



and 



(r q (i + k)) n 



"fr 1 r g (l + k(i + 1)) 

S r,(i + «) = M « ! 



Lastly, to show 



[ni + nfc] g ! (1 - q) ni . , "fr* [(fc + 1) j + A:n + A;],! 



(gm(*+i)+noft ; L u J<? ' JLJL p + i) j + kn ] q l ' 

we expand both sides and compare terms. □ 

Our final result in this section is proving the specialisation a = b = of Conjecture [3l which 
until now has not been done. We do this by finding the analogue of Theorem [TU] for r/* no N ^ 
and stating the result as a corollary. We begin with a generalisation of Lemma El 

Lemma 11 Let J C {l,...n} = J\ U . . . U J s and h(z) be antisymmetric with respect to Zj, 
j E J then 



cT (n n (*-«*i)M*)) =niW cT (n n 

a=1 min(j a )<i a=1 " ' Q=1 min(j a )<i 

<j<max( J Q ) <jr'<max(j a ) 



Theorem 12 We /icwe 



„ / , tt f, i ,\ f/cn + max (A^p)L! 
£ p (iV p ;no; 0,0, *;;<?) = [] ([n a ],» +1 ! P ^ PJJg 

a =l 



(1-9) 



max(A r p) 



Proof With rj* nQ N ^ defined by (j5T|) , Theorem 0] implies 



^n ,N p 

and hence the inner product (S v * , S v *} k can be written as 



S„. (z) = A™ ' Vp (z) 



<w,*w= cT (n n c^-ff-^)^- 1 -^ 1 ) n 



min(j a )<i< l<i<i<JV 
j<max(j a ) 



(63) 



i— ;q 
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By apply Lemma [TT] twice to (|52p and noting that 

[m] fc ! Kuj-i)^ 



the result is obtained using the methods of the derivation in Theorem [TOl □ 

Conjecture [3] is verified by substituting (f63|) into the left hand side of (f58|) and making the 
obvious simplifications. 
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